Abstract: Generalized frequency division multiplexing (GFDM) is a recent physical layer scheme proposed for next-generation cellular systems. Like orthogonal frequency division multiplexing (OFDM), it is based on multicarrier modulation, but the filter shape is no longer rectangular (roll off ࣔ 0) and the orthogonality between subcarriers is lost. With higher flexibility, low peak to average power ratio (PAPR) and reduced out-of-band emissions compared with OFDM, GFDM modulation is an attractive candidate for 5G application scenarios. This paper explores the performance of 10 Gb/s GFDM system over the optical link in terms of PAPR, quality factor (Q factor), and mean squared error using a third-order adaptive Volterra filter with 3 and 5 taps. The impact of linear impairments (chromatic dispersion, polarization mode dispersion), laser line width, and Mach-Zehnder non-linearity have been addressed. The results of our simulations indicate that the transmitted 10 Gb/s GFDM signal through an optical fiber can reach 930 Km and Q = 11.9 dB after 700 Km at -8 dBm of launch power using 5 taps third-order adaptive Volterra equalizer with an improvement of approximately 210 Km and 1.25 dB compared with the same equalizer with 3 taps.
Introduction
In last years, the number of connected smart objects such as smartphones, tablets, and eBooks has tremendously exploded (i.e., Cisco predict to reach 50 billion devices by 2020) and leads to high data demand. Unfortunately, the transmission medium (wireless or wireline) that convey the data flow suffer from attenuation and dispersion which significantly degrade the signal. To mitigate the effect of multipath fading, Orthogonal Frequency Division Multiplexing (OFDM) has been adopted and widely used by LTE as the basic signal format. The principle of this technique is to split a high data bit into many orthogonal subcarriers, in other words, the high data bit rate is divided into several lower bit rate.
In optical domain, a coherent detection orthogonal frequency division multiplexing (CO-OFDM) has been proposed [1] to combat dispersion in optical fiber where the phase and the amplitude of the signal are maintained.
OFDM has many advantages such as orthogonality and low complexity. Due to orthogonality, OFDM offers good spectrum efficiency by overlapping the subcarriers at the transmitter side, and a cyclic prefix can be added to mitigate correlations between OFDM symbols. At the receiver, the subcarriers can be demodulated without interference. Modulation and multiplexing are performed by using Inverse Fast Fourier Transform (IFFT) with low computation complexity.
The major drawbacks of OFDM, Out-of-Band (OOB) radiations and Peak to Average Power Ratio (PAPR) are both high. The power spectrum density of an OFDM signal shows high levels of OOB emissions [2] (i.e., leakage of energy) that does not meet the 5G requirements which claim lower battery consumption and the guard band between 5G services shall be reduced. In addition, a high OOB can lead to harmful interference to signal in the neighboring frequency band.
OFDM signal is composed of a sum of modulated signals which are susceptible to provoke important peak levels of amplitude (i.e., high PAPR value) [3] that can compromise the linearity of the electronic components (amplifier, optical modulator . . . ).
In order to overcome the problems caused by OFDM modulation format, several alternative waveforms in the wireless communication system can be found in the literature, in particular, Filter Bank Multi-Carrier FBMC [4] , Universal Filtered Multi-Carrier UFMC [5] , Generalized Frequency Division Multiplexing GFDM [6] , [7] . These new modulations have drawn attention to optical fiber communication, respectively in [8] - [10] .
The main advantages of GFDM modulation are: High spectral efficiency: a cyclic prefix (CP) is appended to the beginning of GFDM block, while in OFDM; a CP is inserted in each OFDM symbol (i.e., each time slot). Low power consumption: due to adjustable filters, GFDM has both low OOB [11] and PAPR compared to OFDM which are suitable for Cognitive Radio (CR) technology. Flexibility: Each branch of GFDM system can be modulated separately. Researchers have tended to focus on performance of GFDM waveform in wireless communication networks [12] , [13] . Few other studies have been published on short-range optical communications in Radio over Fiber (RoF) [14] and Passive Optical Network (PON) systems [15] . Unfortunately, studies related to a long-range emission of optical GFDM signals remain rare.
To illuminate this uncharted area, we will shed light on GFDM waveform in long-haul optical communication system by studying both crest factor (PAPR) and the non-linearity mitigation through the iterative Volterra algorithm.
Among the solutions adopted to increase the capacity of an optical system is increasing the modulation order or using several channels of transmissions well known as wavelength division multiplexing (WDM), these two techniques require much power to provide the transmitted signal. On the other hand, to reach a long range, too much energy must be consumed. Unfortunately, the fiber behaves non-linearly with high powers due to Kerr effects and gives rise to non-linear impairments.
Linear equalizers have shown their limits to suitably model such non-linear system. Several approaches, in both optical [16] , [17] and electrical domain, have been proposed to compensate the non-linear effects. For electrical compensation, the most used techniques for non-linearity mitigation are equalization based on the Volterra series [18] , Sparse-Volterra [19] , and Wiener-Hammerstein [20] .
In this paper, we investigate the performance of adaptive Volterra filter with 3 and 5 taps of 10 Gbit/s optical GFDM signal. This paper is organized as follow: Section 2 describes the basics of GFDM modulation. Section3 simulates the performance of optical transmission system in term of PAPR, non-linearity compensation based on Volterra series, the impact of laser and Mach-Zehnder modulator and discusses the results. Finally, Section 4 concludes the paper. 
System Description
The configuration of GFDM transmitter is summarized in Fig. 1 .
The data block is given as:
where d k,m is the sub-symbol transmitted on the k-th subcarrier and m-th timeslot. K is the number of subcarriers; each of them carries M sub-symbols using M timeslots. For one subcarrier, the M data are up-sampled by a factor of N (N ࣙ K) to avoid aliasing; we insert (N − 1) zeros between two sub-symbols.
The resulting data symbols are transmitted respectively with a corresponding pulse shape in time and frequency domain as follows:
with n is the sampling index and g k,m [n] is a time-frequency shifted version of the prototype filter g n .
The Root Raised Cosine (RRCs) filters were used as a prototype filter with roll-off factor α = 0.1 where the frequency response can be given as [7] :
RRCs filters are chosen due its ability to greatly reduce the ISI and ICI when using small value of roll-off factor [21] .
The GFDM signal is given by:
Mathematically, the GFDM signal can be rewritten as follow:
where d = vec (D), A is the transmitter matrix of size NM × MK. Each row n of matrix A can be obtained by performing the Kronecker product between the modulation matrix of size K × NM and the up-sampling matrix of size MN × M: 
and the up-sampling matrix is defined as:
At the receiver side, the received signal is passed through the analog to digital converter (ADC) and then the cyclic prefix is removed as shown in Fig. 2 .
First of all, we start by verifying our implementation with [22] , the matrix model of GFDM waveform setup bears a close resemblance to the bit error rate (BER) performance of GFDM signal in [22] as depicted in Fig. 3. 
Simulation Results and Discussion
The simulation setup of 10 Gbit/s GFDM signal over the optical link is illustrated in Fig. 4 where the global system parameters of the electrical and optical domain are listed in Table 1 To convert the RF signal to optical, a continuous-wave laser and a pair of Mach-Zehnder optical modulators (MZM) are used. Next, the signal is propagated through the Single-Mode Fiber (SMF). In order to maintain the phase and the amplitude of the emitted signal, a coherent receiver with a local oscillator is used.
Since the non-linear effects of the fiber are thoroughly related to the signal power and before launching the signal in the fiber, we will investigate the peak to average power ratio (PAPR) parameter.
Peak to Average Power Ratio (PAPR)
GFDM is a multicarrier technique where the output signal is obtained by summation of multiple subcarriers, if added coherently, the signal shows several peak levels that can affect the performance of the system. The Peak to Average Power Ratio can be defined as the ratio between the maximum power of a sample in a transmit GFDM symbol and its average power. Mathematically it can be expressed as:
where |x(n)| is the magnitude of x(n) and E{.} being the average power of the signal. The performance of a PAPR is characterized by the Complementary Cumulative Distribution Function (CCDF)which determines the probability that Ӽ exceeds a certain value of Ӽ 0 , and given by:
We study the PAPR parameter as a function roll-off factorα, modulation orderμ.
Roll-Off Factorα:
The dependency of the PAPR on roll-off factors for GFDM signals compared with OFDM is shown in Fig. 5 . A worse PAPR was registered with a high value of roll-off factor values. The principal reason for this degradation is the intersymbol interference due to the loss of orthogonality of GFDM signal. Indeed, a higher roll-off factor leads to increase truncation of pulse shape in the time domain (i.e non-zero side lobes in the frequency domain).
Modulation Orderμ:
The CCDF plots of PAPR for different modulation orders μ = {4, 5, 6} is depicted in Fig. 6 which demonstrates that the lower order modulation offers the best PAPR under similar parameters. In other words, the increase in bandwidth will raise the value of the PAPR and it is shown that 64-QAM GFDM signal has a PAPR that exceeds 11.5 dB at the probability 
10
−3 .Hence, the 16-QAM shows the best performance in term of PAPR compared with 32-QAM and 64-QAM.
Impact of Linear Effects on GFDM Performance
The most important linear impairments in optical communication are: chromatic dispersion (CD) and polarization mode dispersion (PMD). Various approaches have been proposed to mitigate these impairments such as (i) encoding the signal at the transmitter side (i.e., LDPC code) [23] , (ii) using digital signal processors (DSPs).For instance, in [24] the authors prove that channel estimation using training sequence can recover the original signal, (iii) using linear equalizer (LMS, RLS). In our work, we investigate the performance of RLS filter to reduce the CD and PMD impairments. The non-linearity effects have been ignored.
CD Compensation:
Since the light source is non monochromatic, specific spectral components (i.e., wavelengths) run at different speed inducing pulse spreading in time domain, so, ISI occurs. The chromatic dispersion parameter D is measured in ps / (nm.km) and given by:
where β 2 denotes the group velocity dispersion(GVD) parameter. Fig . 7 shows the symbol error rate (SER) as a function of the accumulated chromatic dispersion for both GFDM and OFDM signals. As the number of taps of RLS filter increased, the CD compensation capability increased and we can see that the performance of GFDM signal is similar to that of OFDM under the same condition.
PMD Compensation:
Due to fiber birefringence, the two orthogonal components of the light causes variations in refractive index, hence, the two orthogonal polarization modes arrive at different times which causing pulse broadening. The difference in times between the two polarizations is called Differential Group Delay (DGD), τ. Mathematically, it can be expressed as follow:
where τ is the average of τ, PMD coeff is the coefficient of the PMD measured in ps/km 1/2 and L is the length of the fiber.
To properly simulate the impact of PMD effect,10 Gbit/s single polarization GFDM signal is launched through the fiber, then, we use the TITO (Two-Input Two-Output) model, where 2 × 10Gbit/s signals are polarized along X and Y-axis.
From the Fig. 8 we can see that the PMD effect degrades the performance of the system due to ISI. This distortion of the signal can be compensated by increasing the filter taps. Indeed, PMD effect becomes a crucial factor for high bit-rate transmission [25] .
It's worth noting that the Polarization Dependent Loss(PDL) effects have been neglected.
Non-Linearity Compensation Based on Volterra Series

Volterra Model:
The Volterra series can be compared to a Taylor series with memory [26] where the output depends on past inputs.
The output Z (n) of a discrete-time non-linear Volterra system can be obtained by a combination of linear, quadratic and higher order non-linear system parts:
where x(.) is the input signal, h 0 is a constant term corresponding to zero order Volterra kernel coefficient, h i (.)(iࣔ0) is the i-th order kernels of the Volterra model. Fig. 9 . Implementation of third-order Volterra filter.
Generally, to reduce the number of arithmetic operations, the Volterra filter is truncated by limiting the order of the series where the quadratic or cubic order is often implemented. The cubic order is given by Eq. 14 and depicted in Fig. 9 .
where, N denotes the memory length and (.) * denotes the complex conjugate. The even order is dismissed in Eq. 14 because their frequency components are generated out of the band. The Volterra model has many applications in the field of communication systems such as (i) noise and echo cancellation [27] (ii) adaptive filtering [28] and (iii) equalization of the non-linear channel [29] , [30] .
Some adaptive algorithms such as Least Mean Square (LMS) or Recursive Least Square (RLS) are used to update the Volterra kernels. In our work, the RLS algorithm is applied to the truncated third-order Volterra filter by recursively computing the optimal coefficients. In other words, the least square algorithm intends to minimize the cost function ψgiven as the sum of the difference between the desired signal d (k) and the estimated output:
where λ is the exponential weighting factor (0 < λ ࣘ 1), also known as a forgetting factor which indicates the effect of past values on the present and w T is the transpose of the vector w. The adaptive filter coefficient vector is:
The vector X (.) of input signals x (.) is given as:
The corresponding parameters to minimize the cost function ψ are given in a matrix form and indicated in Table 3 .
The updated third-order Volterra coefficient using RLS algorithm is summarized in three basic steps (i) initialization, (ii) compute and (iii) results, as indicated the flowchart given in Fig. 10 .
To evaluate the performance of the system, we use the Q-factor parameter to measure the signal quality. The calculated bit error rate (BER) is converted to quality factor Q according to:
The first set of analysis investigates the impact of launch optical power on the maximum fiber length. In Fig. 11 , we plot the maximum transmission distance at Q = 8.53dB which corresponds to the threshold for soft forward error correction (FEC) code (BER = 3.8 × 10 −3 ) for different launch power using 3 and 5 taps third-order Volterra equalizer. According to Fig. 11 , it can be seen that the system using third-order Volterra filter with 5 taps can achieve approximately 930Km at optimum power (−8 dam) giving an improvement of 210 km by comparing it with the 3 taps Volterra filter. Fig. 12 shows the Q factor as a function of launch optical power at maximum distance boundary using third-order Volterra filter with 3 and 5 taps. One can note that the performance of an optical system depends on the number of the filter taps. In the linear regime, the Q factor increase with the launch power and a better link performance is guaranteed.
At −8 dam input power, we observe a transition to the non-linear regime and the Q penalty begins to increase rapidly due to Kerr effects generated by the interaction between high powers and the single mode fiber. Moreover, the erbium-doped fiber amplifier (EDFA) generates amplified spontaneous emission (ASE) noise that creates non-linear interaction with the signal.
Volterra equalizer with 5 taps outperforms the same equalizer with only 3 taps, which grants a gain of about 1.25 dB after 700 km at −8 dam of launch power. Indeed, more taps mean an increase of memory length and number of terms of Volterra series which lead to compensate the non-linear distortion adequately. The relation between the number of taps and the number of terms is given by: (19) where L represents the number of terms and T is the number of taps.
We investigate the performance of the system by calculating the average squared difference between the estimated values and the true values of data, recognized as Mean Squared Error (MSE). Fig. 13 demonstrates the MSE versus optical input power. As expect, the results show that the lowest value of MSE (−14 dB) is obtained for 5 taps third-order adaptive Volterra filter under −8 dam after 700 km which confirm that the estimation accuracy can be improved by increasing the number of taps.
Impact of Laser Phase Noise and Linewidth
The laser phase noise can be modeled as a random Gaussian distributed variable with zero mean and variance σ 2 calculated by:
where Ӽ is the combined laser linewidth and T s is the symbol period. From Figure 14 .(a), we can note that the increase of the laser linewidth deteriorate the performance of the system. Indeed, the phase noise (i.e., phase fluctuations in lasers) increases with the laser linewidth due to the spontaneous emission. For a target of Q factor = 8.53 dB, the maximum laser linewidth is 30 KHz when using third-order Volterra equalizer with 3 taps and around 60 kHz for 5 taps. For systems that work with laser linewidth beyond 30 kHz (60 kHz for third-order Volterra with 5 taps), the phase noise needs to be compensated by using RF pilot tone based phase noise compensation technique [31] or Pilot aided phase noise compensation technique [32] .
The received 16-QAM signal constellation diagram is plotted after 700 km where the clearest constellation is obtained at −8 dBm launch power for 5 taps third-order Volterra, Fig. 14(c) , while the constellation diagrams for the same filter with 3 taps become much fuzzy and the received symbols are spread out, Fig. 14(b) .
Impact of Mach-Zehnder Non-Linearity
The electrical field at the output of the modulator, E out , can be expressed as:
Where A is a constant, V bias is the DC biased voltage, V is real / imaginary part of the complex GFDM signal and V π is the half-wave switching voltage. The modulation index, MI, and modulation excess loss, α E , are defined respectively in Eq. 22 and Eq. 23.
As can be seen in Fig. 15 , a small value of modulation index (MI <1) exhibit a large excess loss, and, when the modulation index exceeds a certain threshold, the signal is affected more by the harmonics and intermodulation distortion of the MZM. The optimal value of MI is approximately 1.1 at null-point (i.e., V bias = V π ) where the Q penalty (Q ref = 8.53 dB) is low and the excess loss is about 6.4 dB.For systems working with a modulation index above 1.1, a predistorter needs to be implemented [33] .
Conclusion
Our paper has highlighted the impact of the most critical parameters on the PAPR that need to be considered in the simulation setup. Then, we compared the performance of the third-order adaptive Volterra filter to compensate the non-linear effects of the fiber by varying the number of taps. Numerical simulations show that the performance can be improved by increasing the number of taps. The most critical limitation lies in computational complexity of adaptive Volterra equalizer which can be reduced by using some adaptive algorithms to update its tap weights, so as fast transversal RLS, adaptive lattice-based RLS and QR-decomposition based RLS. Then, we demonstrated the ability of RLS-filter to compensate the linear effects introduced by the fiber. The maximum allowable laser linewidth is about 30 kHz and 60 kHz for systems using third-order Volterra equalizer with 3 and 5 taps and the optimum value of the modulation index is approximately 1.1 at null-point.
